Abstract. Witten's proof for the positivity of the ADM mass gives a definition of energy in terms of three-surface spinors. In this paper, we give a generalisation for the remaining six Poincaré charges at spacelike infinity, which are the angular momentum and centre of mass. The construction improves on certain three-surface spinor equations introduced by Shaw. We solve these equations asymptotically obtaining the ten Poincaré charges as integrals over the NesterWitten two-form. We point out that the defining differential equations can be extended to three-surfaces of arbitrary signature and we study them on the entire boundary of a compact four-dimensional region of spacetime. The resulting quasilocal expressions for energy and angular momentum are integrals over a twodimensional cross-section of the boundary. For any two consecutive such crosssections, conservation laws are derived that determine the influx (outflow) of matter and gravitational radiation.
Introduction
Observables are defined by measurement protocols, and for local observables this must include a description for how to measure space, time, distance and duration. In field theory over Minkowski space, we can easily construct such observables from the matter fields and their derivatives at a point. What makes this construction physically meaningful is the presence of an absolute structure (the inertial reference frames) with respect to which we can localise fields and measure time and distance. No such absolute structure exists in full general relativity, since the outcomes for measurements of space and time depend themselves on the strength of the gravitational field, which, in turn, spoils the construction of local observables.
If spacetime is asymptotically flat, the simplest observables are the total energy, the linear momentum, the angular momentum and the centre of mass [1] [2] [3] due to Arnowitt, Deser, Misner (ADM) and Beig and Ó Murchadha [3] . The ADM energy is always positive, as proven by Schoen and Yau [4] . Witten [5] developed a much simpler argument for the positivity of the ADM energy, which is based on spinors that solve the three-dimensional Dirac equation / Dψ = 0 on a Cauchy hypersurface Σ , with / D denoting the three-dimensional Dirac operator with respect to the Ashtekar -Sen connection [6, 7] . Nester [8] found a fully covariant description of Witten's formalism. In Nester's approach the spatial slice Σ could have arbitrary extrinsic curvature, while in Witten's original proof Σ was implicitly assumed to have no extrinsic curvature.
Witten's approach is manifestly background invariant. The solutions of the threedimensional Dirac equation / Dψ = 0 are simply inserted into the asymptotic integral over the Nester -Witten two-form e α ∧ψγ α Dψ, which returns the ADM energy for an inertial observer at spacelike infinity, whose four-velocity isψγ µ ψ e a µ (the integral exists provided certain falloff conditions for the tetrad e a µ and connection are satisfied). The asymptotic rest frames enter Witten's construction only through the perturbative expansion of the integral ∂Σ e α ∧πγ α Dπ at large distance, the definition itself is completely coordinate invariant.
At finite distance the situation is more complicated. There are various different approaches. Szabados [9] gives a broad review over all the current quasi-local ideas and constructions. In Penrose's approach [10] , for example, the gravitational charges are two-dimensional curvature *
, where the Weyl spinors φ A and ψ A are solutions of a certain two-surface twistor equation intrinsically defined on S, which is a spacelike two-surface. Dougan and Mason [11] gave a similar quasilocal definition of the gravitational energy (and angular momentum) in terms of holomorphic spinors (and twistors) on a spacelike two-surface S (generically a twosphere). The corresponding quasi-local charges are again two-dimensional surface integrals. A detailed discussion of the approach by Dougan and Mason for both energy and angular momentum can be found in a series of articles by Szabados [12, 13] . Bramson [14] gave a proposal for the intrinsic gravitational spin in contrast to the orbital angular momentum. His integral is S Σ AB λ A λ
B
, where Σ AB is the selfdual component of the Plebański two-form Σ αβ = e α ∧e β and the spinor λ A is a solution of a certain asymptotic twistor equation [15] around null infinity. This does not seem to be the only reasonable choice for λ A . Ludvigsen and Vickers [16] gave a different proposal, which is discussed in great detail in [17, 18] . Another possibility is to demand that λ A is holomorphic [17] [18] [19] on S, which follows Dougan and Mason's construction [11] . There are, however, always asymptotically constant spinors λ A : σ A Ba h ab D b λ B = 0 for which Bramson's quasi-local angular momentum will vanish, (we will see this explicitly in equation (48) 
below).
There is good reason to study such quasi-local charges. Spacelike infinity is a mathematical idealisations, which crucially requires the vanishing of the cosmological constant [20] . Any realistic measurement is taken at large but finite distance from the source. How do we then define energy and angular momentum at finite distance? The key message of this paper is that a suitable generalisation of Witten's approach offers a systematic way to construct such quasi-local observables for both energy and angular momentum. The proposal is defined through certain first-order partial differential equations for spinors on a three-surface, which may be spacelike, time-like or null.
This three-surface is closed and splits the gravitational degrees of freedom into an external environment (the observer ) and the system observed, which is a fourdimensional spacetime region B with a three-dimensional boundary (see figure 1 for an illustration). The quasi-local observables for this choice of observer are then surface integrals over two-dimensional cross-sections S of the boundary ∂B. At finite distance from the source, there are infinitely many such obervables, but at spacelike infinity only * The curvature two-form F CDab is the selfdual component of the Riemann curvature tensor R cdab . ten of them survive, which are the ADM energy-momentum, the angular momentum, and the centre of mass (all the other charges either diverge or vanish in the limit of infinite distance from the source). What makes the construction attractive is that these infinitely many charges are subject to infinitely many conservation laws that determine the influx (outflow) of matter and gravitational radiation across the boundary. * As a first step in this program, we need to generalise Witten's original construction. Witten's proof was tailored to the ADM linear momentum. For the remaining six Poincaré charges, which are the angular momentum and the centre of mass, we need to introduce a suitable generalisation of Witten's equation. The system of equations that we will study for this purpose has been introduced before by Shaw [21] in 1985. In his paper, Shaw was mostly concerned with angular momentum at null infinity, and he was studying spatial hypersurfaces, which are asymptotically null. He gave a heuristic discussion of spacelike infinity as well, but a detailed analysis of the asymptotics was missing. The present paper closes this gap and shows that Shaw's generalised Witten equations return all ten Poincaré charges at spacelike infinity, provided the usual parity and falloff conditions due to Regge and Teitelboim [22] are satisfied. We will then also point out that Shaw's generalised Witten equations can be extended to three-surfaces of arbitrary signature. This is an important observation and it allows us to define a family of infinitely many quasi-local charges, which satisfy balance laws describing the influx of matter and radiation. We will consider, in particular, a four-dimensional region bounded by an expanding null surface. The quasi-local charges will be surface integrals over two-dimensional cross-sections of the boundary and we will show that the quasi-local energy can only increase between two consecutive such cross sections.
Generalised Witten equation

Elementary preparations
Witten starts his celebrated proof [5] of the positivity of the ADM mass from the three-dimensional Dirac equation
on a Cauchy hypersurface Σ of an asymptotically flat spacetime manifold (M, g ab ) admitting a global spin structure: π A is a section of the spinor bundle over the spatial hypersurface Σ and D a denotes the pullback of the four-dimensional covariant derivative * * ∇ a to Σ . Furthermore, σ A Ba are the Pauli matrices on Σ and h ab = n a n b +g ab is the spatial three-metric, with n a denoting the future oriented hypersurface normal.
The su(2) n valued one-forms σ A Ba can be constructed explicitly from the fourdimensional soldering forms σ AA a by setting σ
where we have introduced the Hermitian metric δ AA = σ AA a n a .
As already indicated, the one-forms σ A Ba on Σ are nothing but a covariant version of Pauli's spin matrices: They are traceless, they are Hermitian with respect to the metric δ AA and they form a basis in the Lie algebra su(2) n of SL(2, C) transformations preserving δ AA . They also satisfy the generalised Pauli identity
with ε abc = n d ε dabc denoting the three-dimensional Levi-Civita tensor on Σ . The covariant derivative D a defines the selfdual Ashtekar -Sen [6, 7, 23] connection A A Ba , which is the pull-back of the four-dimensional spin connection to Σ . The difference between the intrinsic three-dimensional spin connection Γ A Ba , which is an su(2) n connection on Σ , and the Ashtekar -Sen connection A A Ba is measured by the extrinsic curvature tensor
hence A A Ba is an sl(2, C) connection. Its field strength
is given by the spatial components of the selfdual part of the fourdimensional Riemann curvature tensor R abcd . Indeed
Witten's integral
To prove the positive energy theorem, Witten inserts the solutions of the differential equation (1) into the integral
over the two-sphere at spacelike infinity *
. He then continues to show that there are solutions of the defining differential equation (1) that admit the asymptotic expansion
in an asymptotic Cartesian coordinate system {x i }. The zeroth order is asymptotically constant with respect to the flat spin connection associated to {x i }, that is ∂ a π  A = 0, and the next to leading order vanishes as r −1 in the limit of r = x i x j going to infinity. We will repeat the argument in the next section, because we also need to show that the next to leading order is of definite parity provided the leading terms of the threemetric and Ashtekar -Sen connection satisfy certain falloff and parity conditions. The solutions (8) are then inserted into the integral. The integral converges and returns the ADM four-momentum at spacelike infinity
bc ε a bc withη ab = −η ba denoting the canonical Levi-Civita surface density on the two-sphere S 2 r at fixed radial coordinate r = δ ij x i x j , with {x i } denoting an asymptotically Cartesian coordinate system on Σ .
whereP a is the corresponding four-momentum density. The right hand side represents, therefore, the energy for an observer at spacelike infinity, whose four-velocity is a = −σ a AA π AπA . Gauss's divergence theorem turns the surface integral (7) into a volume integral. If one then finally inserts the field equations for a given stress-energy tensor T ab one arrives at
with d 3 v = 1 3!η abc ε abc denoting the canonical three-volume element on Σ . The first term is always positive and so is the second term provided the dominant energy condition is satisfied. Moreover, the whole expression vanishes if and only if g ab is the Minkowski metric, which are the two main results of the celebrated positive energy theorem -the ADM mass is always positive and vanishes only in Minkowski space.
Generalised Witten equations
We now wish to generalise the original argument to express the remaining six Poincaré charges -the angular momentum and centre of mass of a gravitating system -in terms of Witten spinors. To this end, we will consider the following system of equations
Compared to Witten's original construction, the only novelty concerns the second equation (11b), which is the three-dimensional Dirac equation sourced by the solution of the first equation. This system of elliptic partial differential equations has been studied first by Shaw [21] , who was mainly interested in a definition of angular momentum and centre of mass at null infinity. The present paper improves on that and provides a generalisation. First of all, we will see that the construction extends to all ten Poincaré charges at spacelike infinity. Shaw gave some heuristic arguments, why this should be true, but he did not give an explicit asymptotic analysis. We will provide such an analysis in section 3, and we will then also see that the system of equations (11a) and (11b) can be naturally extended to three-surfaces of arbitrary signature. This will allow us to to study balance laws for a family of infinitely many quasi-local charges. Given a solution to (11a) and (11b), we will study the integral of the NesterWitten two-form over the boundary of Σ , as defined by
and we will show that it approaches a linear combination of all ten Poincaré charges at spacelike infinity. To get an intuition for the generalised Witten equations (11a) and (11b), let us first study them in flat space.
Flat space solutions
Consider thus Minkwoski space (R 4 , η ab ) with inertial coordinates {x µ } = {x 0 , x i } and let Σ be the three-dimensional x 0 = 0 hypersurface. Go to momentum space, and consider the momentum eigenfunctions π
for some fixed constant spinor π  A ∈ C
2
. The matrix k· σ has eigenvalues ±| k|, hence the only regular solutions of the first spinor equation (11a) in flat space are spinors π
space. We insert them into the second equation (11b), integrate them and find the general solution ω
. This is nothing but Penrose's twistor equation -any regular solution of the generalised Witten equations (11a, 11b) in flat space defines a twistor Z( x) = (π A ( x), ω A ( x)), which is incident to a point x on the x 0 = 0 hypersurface Σ .
3. Perturbative expansion for large distance
Perturbative expansion of the triad and connection
In solving the differential equations (11a) and (11b) to leading order in r, we first need to specify the falloff conditions of the triad and Ashtekar -Sen connection around spacelike infinity. We introduce asymptotically Cartesian coordinates {x i } on the initial hypersurface Σ , and expand the triad e i a around the fiducial one-forms dx i a . We thus write
where o(r −n ) means lim r→∞ r n o(r −n ) = 0, whereas O(r −n ) denotes terms that fall off like r −n or faster. The next to leading order term f i a is required to be O(r −1 ) and parity even with respect to the asymptotic spherical coordinates (
The parity condition is required to remove divergencies and logarithmic ambiguities from the definition of the ADM charges [22] . Having defined a background structure, we can now use the flat Euclidean metric δ ij and the corresponding fiducial triads dx , which we can always assume to be symmetric, hence
We split off the leading r dependence, and write
We then also need the expansion of the three-dimensional spin connection Γ 
where the leading term is assumed of order O(r −2 ) and parity odd,
. Finally, we also need the expansion for the Ashtekar -Sen connection (5), which is a combination of the intrinsic spin connection Γ . For the ADM angular momentum to be well-defined, and to remove logarithmical divergencies, we have to assume that the connection admits the asymptotic expansion
where σ A Bi are the usual Pauli matrices: 
Perturbative solution of the first spinor equation
At the end of section 2, we found the general solution of the spinor equations (11a, 11b) in flat space. We now want to expand around these flat space solutions and solve the equations perturbatively in r . Let us start with the first equation (11a). Consider the ansatz
where the leading order π  A is a spinor, which is constant with respect to the fiducial flat covariant derivative ∂ a at spacelike infinity and the next to leading term is of order r −1
. We also require that the first two terms solve the differential equation to leading order, hence we want to find a spinor π  A (ϑ, ϕ) on the sphere such that
Solving this equation to leading order in r, we drop all terms that vanish faster than r . This brings us to the following differential equation on the sphere,
where we have defined the transversal componentŝ
of the three-dimensional Dirac operator. Furthermore, q ij is the two-dimensional metric
with ∂ 
where J = L + S denotes the total angular momentum operator. We can thus rewrite the differential equation (21) in the following diagonal form
This equation can be solved immediately,
has no vanishing eigenvalues -its complete spectrum is given by all integers except zero, which follows from the Clebsch -Gordan decomposition
We then also know that π  A (ϑ, ϕ) must be of definite parity: The leading order A  i j (ϑ, ϕ) of the Ashtekar -Sen connection is required to be parity odd, yet ∂ i r = x i /r is odd as well, hence the entire right hand side of equation (25) is even. The angular momentum operators L and S commute with spatial reflections P : x → − x, hence they cannot change the parity. The next to leading order π  A (ϑ, ϕ) is therefore an even function on the sphere,
Having shown that π  A (ϑ, ϕ) exists, we are left to show that the reminder ε
/r in the asymptotic expansion of equation (19) vanishes faster than r
. This is true [24] , and Witten's argument [5] goes as follows: By assumption,
is sourced by the spinor 
The first term represents the Green's function of the flat Dirac operator σ A Bi δ ij ∂/∂x j . We now use the Green's function (27) to solve for the reminder ε A in terms of its source j
, and the leading term
for ε = 1 and as r −2 dr r −ε = ln r/r 2 + C/r 2 for ε = 1, with some short distance cut-off > 0. Thus ε
Perturbative solution of the second spinor equation
We can now go to the second equation (11b), and consider the following ansatz for its perturbative solution
where the spinor ϕ
In the last section, we have studied the r −1
expansion of π A ( x) and have argued that there are asymptotically constant solutions π A ( x) = π  A + O(r −1 ), r → ∞, which solve the first spinor equation (11a) to leading order in r. We now want to show that these solutions are compatible with both the second spinor equation (11b) and our ansatz (28) for the r −1 expansion of ω A ( x). In doing so, we have to first show that the first three terms in (28) together with the leading terms in the expansion (19) of π A ( x) solve the second spinor equation (11b) to leading orders in r. We thus have to solve the equation
for ω A , where we have introduced the truncations
Once we have found such an ω
and show that ε A goes as o(r 0 ) for r → ∞. In solving (30) to leading order in r, we can then drop all terms that vanish faster than r . Going back to the asymptotic r → ∞ expansions for both triad e i a and connection A i a , i.e. equations (16) and (18), we find that the leading O(r 0 ) contributions cancel, and we are left with the O(r −1 ) terms, which vanish provided
where∂ A B denotes again the transversal component (22) of the three-dimensional Dirac operator (1) on the spatial slice Σ . At this point, the parity conditions crucially enter the problem: As we will see in a minute, equation (32) can be solved for ϕ A (ϑ, ϕ) in terms ofπ A only if the right hand side does not contain the = 0 spherical harmonic. The parity conditions guarantee this, but they are actually much stronger than that, for they imply that the entire right hand side of (32) is odd.
This can be seen as follows: We multiply equation (32) 
where σ 
Having defined the source J A , we can now write the defining differential equation (32) for ϕ A (ϑ, ϕ) in the following diagonal form
The operator ( (35) for ϕ A (ϑ, ϕ) in terms of J A (ϑ, ϕ) only for a source J A (ϑ, ϕ) that does not contain the = 0 spherical harmonic -it must admit the expansion
This is true thanks to the parity conditions on both the triad and connection: The leading order of the metric perturbation f . Furthermore, with
In summary, what we have shown so far is this: The leading terms in our ansatz (28) can be always chosen so as to solve the differential equation (11b) to order o(r −2 ). The solution for ϕ A (ϑ, ϕ) is unique, and parity odd provided the parity conditions on triad and connection are satisfied. The only ambiguity is in ω  A , which is a free integration constant. What we have to show now is that the remainder
, with ω A ( x) defined as in (31a), exists and vanishes faster than r 0 . We follow the strategy [5] of Witten, as discussed in the last section. We insert ε A ( x) into the three-dimensional Dirac equation and require ω A ( x) + ε A ( x) be a solution of the second spinor equation (11b). Now, ω 
where we used the asymptotic r → ∞ expansion of both π A ( x) and ω A ( x) as in (19) , (30) and (31b).
We thus see that
is sourced by a spinor j A ( x), which falls of as o(r −1 ). For simplicity let us assume * that j A ( x) is of order O(r −1−ε ), for some ε > 0. Going back * The argument also works for j A ( x) = O(ln r/r ε ) and any ε > 0.
to the Green's function (27) , we can thus solve for ε A ( x) in terms of the source j A ( x). We then have ε
, which vanishes as O(r −ε ). This can be seen as follows: Going back to the r −1 expansion of the Green's function, we see that the asymptotic r = | x| → ∞ behaviour of the integral is dominated by
, which is the Green's function of the free Dirac operator σ A Bi ∂/∂x i . In the near zone < | y| < | x| = r, the dominant contribution is given by the integral
for ε = 2 and 1 r 2 r dy y −1 = ln r/r 2 + C/r 2 for ε = 2, with some short distance cut-off > 0. In the far zone y > | x| = r, on the other hand, the dominant contribution comes from the integral
, provided the integral converges, in which case the asymptotic expansion (28) exists and provides a solution of the second spinor equation (11b).
ADM charges and the evaluation of the boundary integral
We are now ready to evaluate the charge Q π,ω at spacelike infinity. The perturbative evaluation of the boundary integral Q π,ω greatly simplifies in the language of differential forms. We go back to the definition (12) of Q π,ω in terms of π r with respect to the physical three-metric h ab = g ab + n a n b . We can then write Q π,ω as the integral
where σ AA are the soldering forms σ AA = σ AA α e α for the tetrad e α . To use tetrads, rather than triads (as we did in the last section), may seem a little odd, since we are always staying on a given three-dimensional initial hypersurface Σ , but this trick is useful for us, because it keeps the formalism manifestly covariant. We should then also extend our asymptotic Cartesian coordinates {x i } into an asymptotic rest frame {x 0 , x i } near spacelike infinity, such that Σ turns (for large distance) into the x 0 = 0 hypersurface. We then also assume that the tetrad e α admits the asymptotic r
where the vector valued one-forms f We then also know from (19) and (28) 
(as in equation (28)) by the term σ
, which is odd, because π  A is even whereas ϕ A is odd. The spinor φ A (ϑ, ϕ) is therefore an odd function on the sphere, and we will crucially need this in the following.
With these preparations in mind, we can now insert the asymptotic r → ∞ expansion of the spinors (19) and (28) into the expression for the asymptotic charge (38) 
We study both terms separately: In the first line of equation (40), we use Stokes's theorem on S 
where we dropped already all terms in the integral that fall of as r , which implies that F αβab = e c α e d β R cdab , with R abcd denoting the Riemann curvature tensor. At spacelike infinity there should be no matter, hence R abcd = C abcd , with C abcd denoting the Weyl tensor, which can be split into its electric and magnetic components
We insert this decomposition into (41) . After some straight-forward algebraic manipulations we are left with eq. (40), 1
where
bcra ε abc is the canonical volume element on the sphere (r a is the outwardly oriented unit normal of S Let us now turn to the second line of equation (40) corresponding to spin 0 and spin 1. This is achieved through the generalised Pauli identity for the soldering forms σ AA α . We have
with Σ A Bαβ forming the selfdual basis * in the Lie algebra sl(2, C). Splitting Dπ A π B into its irreducible components, we can thus bring the second line of equation (40) into the form eq. (40)
The second term of (45) vanishes again due to parity: The components of the one-form ∂
where we used the vanishing of torsion De α = 0 and the covariant constancy of Σ 
The first term in the second line of (47) (this is Bramson's integrand [14] for the intrinsic spin of a gravitational system) vanishes thanks to the defining differential equation (11a). This can be seen by applying Stokes's theorem to write the surface integral over S 2 r as a vanishing volume integral over the bulk. If B r ⊂ Σ denotes the three-ball bounded by S 2 r = ∂B r , we have
In going from the first line to the second line of (48), we used the identity term vanish * * due to parity, and we are arrive at
The right hand side crucially contains the two-form Df α , which is proportional to the magnetic part of the Weyl tensor. Indeed, we havẽ 
provided the parity conditions are satisfied. We combine this result with equation (43) for the first line of (40) . This leaves us with an integral over the electric and magnetic components (42a, 42b) of the Weyl tensor at spacelike infinity, in fact
The parity conditions further simplify this integral: The leading oder of the metric perturbation is O(r −1 ) even, and the connection coefficients are O(r −2 ) odd. This is essentially the same as to say that the leading r order of the Weyl tensor contains only electric components and is parity even. This in turn implies that the the spinor φ A (ϑ, ϕ), which we have shown to be odd * , drops out of the final expression
where we replaced the O(r 2 ) metrical volume element d 2 v = 1 2η bcra ε abc in the limit of r → ∞ by the fiducial volume element d
2 Ω = dcos ϑ ∧ dϕ = lim r→∞ r −2 d 2 v on the two-sphere at spacelike infinity.
That φ A (ϑ, ϕ) falls out of the asymptotic charge (53) through the parity conditions represents the removal of the super-translation ambiguity from the definition of the angular momentum at spacelike infinity. Indeed φ A (ϑ, ϕ) transforms non-trivially under super-translations. We will come back to this point below.
Equation (53) can be written as a linear combination of all ten Poincaré charges at spacelike infinity -of both the ADM four-momentum P α and the relativistic angular momentum M αβ . Indeed where we have used the definition of the ADM charges P α and M αβ as the surface integrals
over the electric and magnetic components of the Weyl tensor as introduced by Ashtekar and Hansen [25] . The notation may need to be clarified again: The fiducial tetrad dx α a refers to the asymptotic inertial coordinate system and Σ AB αβ are the selfdual generators (A.2) of sl(2, C).
Finally, we can write the charge (54) as a three-dimensional volume integral over Σ , thus providing a quasi-local three-density for the ADM angular momentum and centre of mass. We take Q π,ω in the form of (12), and apply Gauss's divergence theorem. This turns the surface integral over S 2 r for r → ∞ into the volume integral
over the spatial slice Σ , with d 3 v = 1 3!η abc ε abc denoting the canonical volume element. From (11a), we also know that σ 
We can then finally insert the Einstein equations for a given stress-energy tensor T ab , and arrive at the following quasi-local expression for the ADM charge (54)
This expression, which is a version of Sparling's equation [10] , should be compared with the quasi-local expression of the ADM linear momentum due to Witten [5] . Indeed Q π,ω , has the very same structure. The first term of (58) defines a quasi-local density for the selfdual component of the gravitational angular momentum and centre of mass shifted by the linear momentum, the second term represents the contribution from the matter fields. B . What about translations? In Minkowski space, the relativistic angular momentum of a particle with four-momentum P α and position X α is given by the tensor
, which transforms under linear translations
. The ADM linear momentum and angular momentum transform in exactly the same way [26] . On the other hand, π  A is translational invariant, which follows directly from the asymptotic r → ∞ expansion (19) coming from the transformation
of the ADM angular momentum. The definition of Q π,ω is therefore invariant under all asymptotic Poincaré transformations. This is all not very surprising, in fact it should have been expected: We have defined Q π,ω as a two-dimensional surface integral (12) over the spinors (π A , ω A ) that are solutions of a particular system of linear differential equations (11a, 11b) on Σ . The entire construction of Q π,ω is coordinate invariant, and it is only through the asymptotic r → ∞ expansion (19, 28) and the subsequent perturbative evaluation of the boundary integral from (40) to (54) that an explicit choice of coordinates ever enters the problem. The very value of Q π,ω for a given solution (π A , ω A ) of the defining differential equations (11a) and (11b) cannot depend on the asymptotic rest frame around spacelike infinity.
By the same argument, we infer how the leading O(r 0 ) terms π 
Quasi-local charges and conservation laws
So far, we have only considered gravitational charges, which are defined at spacelike infinity. This is a mathematical idealisation, any actual measurement is taken at large but finite distance from the source. We should therefore rather study quasilocal charges, and we thus close this paper with an outlook and discussion for how to compute and derive conservation laws for the quasi-local quantities
which are the integrals of the Nester -Witten two-form over a two-dimensional spatial surface S at some finite distance from the source. The spinors (π A , ω A ), are once again subject to a specific differential equation, which we will introduce in a minute. In the limit, where the two-surface S reaches spacelike infinity (assuming S have the topology of a two-sphere), the charge E π returns the ADM energy (times 4πG), whilst Q π,ω represents the selfdual part of the relativistic angular momentum plus an additional contribution from the ADM linear momentum, as shown in (54) -provided, though, that the falloff and parity conditions of section 3 are satisfied and the asymptotic r → ∞ expansion of the spinors is given by (28) and (19) .
To derive balance laws for E π and Q π,ω , we employ Stokes's theorem and relate the integrals on different two-surfaces S 0 and S 1 . It is then useful to rewrite the system * Working on a fixed initial hypersurface Σ , we should think of these isometries as passive coordinate transformations x µ −→x µ =x µ (x) that do not deform the initial hypersurface Σ , but only change the asymptotic coordinate representation of Σ in R 4 of equations (11a) and (11b) in a more covariant form. Indeed, they are completely equivalent to the following set of equations
where σ AA a are the four-dimensional soldering forms, Σ A Bab is the selfdual part (A.2) of the Plebański two-form Σ αβ = e α ∧e β andη abc denotes the metric independent LeviCivita density. The point is then that the equations (60a) and (60b) can be studied on any three-surface, it does not matter whether the three-surface is spacelike, timelike or null, equations (60a) and (60b) always assume the same form. Suppose then the hypersurface is null. On a null-hypersurface H with topology H = [0, 1] × S the equations (60a, 60b) turn into
is the null normal in H , which is unique up to overall rescalings, and m a is the complex null vector, which is defined on a spatial u = const.
where q ab is the pullback of the spacetime metric g ab to the spatial section. The triple ( a , m a ,m a ) is a basis in the tangent space T H , and the SL(2, C) gauge covariant derivative D a is the pullback of the four-dimensional derivative ∇ a to the null surface.
Consider now a four-dimensional spacetime region B, whose boundary is ∂B = H ∪ R 0 ∪ R 1 , where R 0 and R 1 are compact spacelike three-surfaces bounded by the two-dimensional corners S 0 = H ∩ R 0 and S 1 = H ∩ R 1 . For definiteness, let us assume that B has the topology of a solid cylinder and that H is an expanding null surface in the boundary of the causal future of R 0 with topology H = [0, 1] × S 2 . We can then foliate H into u = const. surfaces S u = {u} × S 2 , which have the topology of a two-sphere. The null vector a is normalised to a ∇ a u = 1 and future pointing. The situation is summarised in figure 1 below. If we were in Minkowski space, H would be an expanding null surface, which shines out of S 0 and hits S 1 at some later instance.
A similar setup has been studied recently by Freidel and Donally, where B has the shape of a lens, bounded by two spatial hypersurfaces that intersect at a twodimensional corner [28] .
We will also assume that the equations (60a) and (60b) admit a solution along the entire boundary of B. It goes well beyond this article to study under which conditions this is possible, but the idea is the following: We can certainly find a solution (π A , ω A ) o of (60a, 60b) on the spacelike bottom R 0 of ∂B. We then use the evolution equations (61a, 61b) to propagate this solution along the null generators of the surface H . We have thus found a solution in R 0 ∪ H ⊂ ∂B. The question is then how to extend this solution to the top R 1 of our cylinder. This may be achieved by using the ADM Hamiltonian and propagate the solution from the boundary into the bulk. We would thus foliate the interior of B by a family of spatial hypersurfaces D t that all intersect at the top corner S 1 = H ∩ R 1 , such that lim t→0 D t = Σ 0 ∪ H and lim t→1 D t = R 1 . A given solution of the generalised Witten equations (60a) and (60b) on some initial hypersurface D to of B is then determined by two kinds of initial data: By the initial value (π 
A ) t is then a solution of the generalised Witten equations (60a, 60b) on the initial slice D to , it will also be a solution on some later slice D to+ε . Taking the limits t → 0, 1 we can the extend the solution from R 0 ∪ H all around the boundary of B. The only difficulty arises at the corner S 1 , where the Hamiltonian vanishes only up to a local SL(2, C) gauge transformation, which can however always be set to zero. At the moment, this is only a very formal argument, a more careful Hamiltonian analysis will be presented in a forthcoming paper.
If we then have such a solution of the evolution equations (60a) and (60b) along H , we can immediately write the difference between the charges at two consecutive * Notice, that the Ashtekar variables A A Ba and E AB a = 1 2η abc Σ AB bc , which appear in the generalised Witten equations (60a, 60b) are canonically conjugate variables on the slices of the foliation:
. Using Ashtekar's Hamiltonian [6, 29] , we can then propagate solutions of the generalised Witten equations from the boundary into the bulk B. A ) t is then a solution of the generalised Witten equations (60a, 60b) on the initial slice D to , it will also be a solution on some later slice D to+ε . Taking the limits t → 0, 1 we can the extend the solution from R 0 ∪ H all around the boundary of B. The only difficulty arises at the corner S 1 , where the Hamiltonian vanishes only up to a local SL(2, C) gauge transformation, which can however always be set to zero. At the moment, this is only a very formal argument, a more careful Hamiltonian analysis will be presented in a forthcoming paper.
If we then have such a solution of the evolution equations (60a) and (60b) along H , we can immediately write the difference between the charges at two consecutive moments of u as a volume integral over the null surface H between, indeed abc Σ AB bc , which appear in the generalised Witten equations (60a, 60b) are canonically conjugate variables on the slices of the foliation:
. Using Ashtekar's Hamiltonian [6, 29] , we can then propagate solutions of the generalised Witten equations from the boundary into the bulk B.
which is a consequence of Stokes's theorem and the definition of the curvature twoform as the square of the exterior covariant derivative. We simplify this equation and insert the Einstein equations for a given energy-momentum tensor T ab together with the evolution equations (60a) and (60b) for the spinors (π A , ω A ) along the null surface H . After some straight forward manipulations, we then find the following conservation law for the quasi-local angular momentum
The derivation follows exactly the same algebraic steps that brought us to (58), the only difficulty is that the hypersurfcace H is null rather than spacelike. Equation (63) has an immediate physical interpretation. The first term represents the contribution to the asymptotic charge (54) from matter falling into B, the second term represents the influx of gravitational radiation, but contributions from the purely geometrical expansion of H in M are also possible -if, for instance, H is an expanding light cone in Minkowski space, one can always construct solutions of (61a, 61b), for which Q π,ω is not constant. The notation should be clear:
is the spinorial version of the stress-energy tensor T ab , the dyad (
is the two-metric on the u = const. cross-sections S u of H and
ab m amb is the corresponding volume element. The balance law for the quasi-local energy can be derived in a similar manner, but let us first note that E π [S 0 ] is always real, which follows from its definition (59b) by partial integration. Indeed
To derive a balance law, we then employ Stokes's theorem and write the difference
] as a volume integral over the null surface H . We insert the Einstein equations together with the generalised Witten equations (61a, 61b) for the propagation of (π A , ω A ) along H , which eventually leads us to
The first term represents the influx of matter, the second term describes the contribution to the ADM energy (55a) from gravitational radiation falling into B, but contributions from the purely geometrical expansion of H in M are also possible (we will come back to this point below). The first term is positive provided the four-
is causal (i.e. future directed, and time-like or null), which we will always assume in the following, the second term is always positive (or respectively zero). The quasi-local energy E π [S] can therefore only increase in time
where the second inequality follows from Witten's original argument [5] , see also (10) . Similar equations have been derived by Ludvigsen and Vilckers [16] using, however, a propagation law for the spinors, which is different from (61a), but this is unnecessary: One does not need to specify an additional propagation law for the spinors on top of the generalised Witten equations (60a) and (60b). The generalised Witten equations are strong enough to extend the spinors from a given two-dimensional cross-section S u ⊂ ∂B along the entire three-boundary ∂B ⊃ S u (provided a solution exists).
Whether ∂B is spacelike, timelike or null does not matter for the construction.
Under which conditions are the quasi-local charges conserved? Suppose now that for a given solution (π A , ω A ) of (61a, 61b) the quasi-local energy E π [S u ] is constant in u. Under which conditions is this possible? First of all, we demand that the four-vector must be proportional to the null vector σ AA a π AπA itself, hence
For the second term to vanish q 
Going back to the equation (63) for the influx of angular momentum into B, we then see that the equations (67) and (68) also imply that the quasi-local angular momentum (59a) is preserved as well, hence
So far, we have asked under which conditions the quasi-local energy E π [S u ] is conserved for one particular solution (π A , ω A ) of the generalised Witten equations (60a, 60b). Consider now two linearly independent solutions (ō A , ω 
which is a consequence of our requirement that the energy flux j a = −T a b b | H is causal (i.e. future directed, and time-like or null) on H .
For the second term in (65), we repeat the argument that brought us to (68). We then see that q . Going back to the equations (71a) and (71b) for the spin-rotation coefficients, we thus get
This system of equations constrains the (u, z) and (u,z) components of the selfdual curvature two-form F ABab on H . Indeed we get
With no matter falling into B, as implied by (70), this implies for the corresponding components of the Weyl tensor that
which is the same as to say that an observer that follows the null generators of H does not experience any tidal forces, and does, therefore, not experience any influx of gravitational radiation. Going back to the balance law (63) for the inflow of angular momentum, and employing equations (71a) and (71b) for the covariant derivatives of o A and ι A , we then see that the quasi-local angular momentum is conserved as well. We have thus convinced ourselves of the following:
There is no influx of matter or gravitational radiation across the expanding null surface H , if there exist two linearly independent solutions o The converse is however false, for even in Minkowski space, one can always find some spinors (π A , ω A ) that solve both (61a) and (61b) on H whose quasi-local charge E π [S u ] grows over all limits with u → ∞, which simply reflects the purely geometric growth in area of the expanding cross-sections S u of H in M .
We have called E π [S] and Q π,ω [S] quasi-local charges for energy and angular momentum. This terminology is clearly borrowed from our intuition at spacelike infinity, but we have to be careful, there is a crucial difference. At spacelike infinity, there are only ten conserved charges, corresponding to boosts, rotations and translations. At a finite distance, the situation is very different. Now, we have infinitely many quasi-local charges E π [S] and Q π,ω [S] . The reason is the following: The system of first-order partial differential equations (60a) and (60b) on ∂B = H ∪ R 0 ∪ R 1 is characterised by an initial datum on some u = const. section S u of H . The state space of all initial data (π  A , ω  A ) at S u , which are admissible with (60a) and (60b) is most likely infinite dimensional, and there would be then infinitely many corresponding charges E π [S] and Q π,ω [S] . Following Dougan an Mason [11] we could choose to reduce the functional dependence of the spinors by demanding that π A is e.g. holomorphic, i.e. m a D a π A = 0 on the u = 0 initial hypersurface S 0 ⊂ H . This would dramatically reduce the functional freedom (depending on the topology of the cross-sections S u of H ) down to (generically) two linearly independent solutions for π A . This is however a rather ad hoc restriction, physically unjustified: In general, the evolution equations (61a) will not preserve the holomorphicity of π A . For if π A were holomorphic on S u , it would not be holomorphic on S u+ε , unless F A Bab a m b = 0, which is unphysical, because it excludes gravitational radiation falling into B. We should therefore allow all possible initial data on S u , which are presumably infinitely many. In fact, it should not come as a surprise. General relativity is background independent, and the relevant local gauge group is the entire diffeomorphism group over B. This group is infinite dimensional, hence there should be infinitely many charges associated to it.
That only a finite number of them survive at spacelike infinity is a consequence of the falloff and parity conditions. If the parity conditions are satisfied, we can restrict ourselves to spinors (π A , ω A ), whose asymptotic r → ∞ expansion is governed by (19) and (28) (where the leading order terms π  A (ϑ, ϕ) and ϕ A (ϑ, ϕ) in the asymptotic expansion (19) and (28) are respectively even and odd), for all other spinors that solve the three-surface spinor equations (60a, 60b), but violate the parity conditions and falloff conditions, the integrals at infinity would either vanish or diverge. The only charges that remain at spacelike infinity are then the linear momentum, the angular momentum and the centre of mass.
Summary, discussion, outlook
We have shown in this paper that Witten's construction of the ADM energy can be generalised to the gravitational angular momentum and centre of mass. This is achieved by once iterating Witten's equation, i.e. by solving it for a source that is itself a solution of the Witten equation. The resulting system (11a, 11b) of elliptic partial differential equations was studied around spacelike infinity. We imposed parity conditions * on metric and connection (which are needed to remove otherwise divergent terms from the definition of the angular momentum, see [22, 25, 30] for references) and solved the system (11a, 11b) of equations with the ansatz (19) and (28) for the perturbative r → ∞ expansion of the spinors (π A , ω A ). We showed that solutions exist for whichπ A is asymptotically constant, while ω A grows linearly with r. Next, we inserted the solutions into the integral (38) over the Nester -Witten two-form and evaluated the charge Q π,ω in the limit of r → ∞. Several terms vanish thanks to the parity conditions and the only terms remaining organise themselves into a complex linear combination of all ten Poincaré charges (54) at spacelike infinity.
The result improves on a paper by Shaw [21] . Shaw was mainly interested in null infinity, and gave a heuristic argument (which is confirmed by this paper) why the solutions to the generalised Witten equations (11a, 11b) should return both angular momentum and centre of mass at spacelike infinity.
Finally, we saw that the generalised Witten equations (11a, 11b) are equivalent to the equations (60a, 60b), which require the vanishing of certain spinor-valued threeforms. These equations can be studied, therefore, on a three-dimensional submanifold of arbitrary signature. We argued * * that the system of equations (60a, 60b) admits solutions along the entire three-boundary ∂B of a compact four-dimensional region B, which has the topology of a cylinder, whose top and bottom parts are spacelike hypersurfaces, whereas the side is a null surface H = [0, 1] × S 2 . Next, we proposed quasi-local charges Q π,ω [S u ] and E π [S u ], which are two-dimensional surface integrals over an arbitrary cross-section of H . Using Stokes's theorem on H we proved balance laws for E π [S] and Q π,ω [S] . If H is an outgoing null surface, the infinitely many quasilocal charges E π [S u ] can only increase along the null generators is causal). We also saw that the charges capture the influx of matter and radiation: If there are two linearly independent solutions of the evolution equation (60a), for each of which the quasi-local energy E π [S u ] is preserved along the null generators of H , then there will be no influx of matter or gravitational radiation into the bulk. The corresponding quasi-local angular momentum Q π,ω [S] will be conserved as well.
At finite distance, there are infinitely many such charges on a given two-surface S, because there is no preferred choice of spinorsπ A and ω A along the entire null surface shining out of S. At spacelike infinity only ten of them survive. All other quasi-local charges either diverge or vanish in the limit of S reaching spacelike infinity. At null infinity, the situation is however very different. There is no unambiguous definition of angular momentum, and we can expect that infinitely many such quasi-local charges Q π,ω [S u ] and E π [S u ] survive the limit towards null infinity.
This observation and the relevance of super-translations for the appearance of a parity odd O(r 0 ) term in the asymptotic expansion (28) of the ω A -spinor suggests a relation between the quasi-local charges defined by the generalised Witten spinors π A and ω A and the canonical charges for the BMS group [31] . At the moment, the precise connection has not been worked out, but the basic idea that could establish such a correspondence is the following. In the covariant Hamiltonian formalism, quasiconserved quantities [32] are defined by the Noether current three-form, which can be inferred from the boundary plus bulk action. Suppose then that the boundary has a component that is null (such as in figure 1 above) . On a null surface, working with self-dual variables [6] , one may use a gravitational boundary term with spinors as the fundamental boundary variables, c.f. [33] . The canonical Noether charge (as derived from the boundary plus bulk action) would be then a two-dimensional surface integral over certain boundary spinors and their derivatives. If one would then consider a sequence of null boundaries approaching null infinity, it seems likely that the resulting Noether charges for the asymptotic BMS symmetries agree with the generalised Nester -Witten charges defined in this paper. Clearly, the details must be worked out more carefully, and we leave a more complete discussion for future research. * * The argument was the following: We can certainly find a solution at either of the two spacelike hypersurfaces bounding ∂B (see figure 1 for an illustration) . The evolution equations (61a) and (61b) propagate this solution uniquely along the null generators of H . One should then employ the Hamiltonian of GR, as written in terms of the selfdual Ashtekar variables [6, 29] , and extend the solution into the interior of B, which will induce a solution along the entire three-boundary of B.
The paper may be relevant for quantum gravity as well. In quantum gravity, the quasi-local charges for quasi-local energy and angular momentum will turn into operators E π [S] and Q π,ω [S] on a Hilbert space. For any choice of spinors (π A (ϑ, ϕ), ω A (ϑ, ϕ)) on S, we can then imagine the notion of a (π A , ω A )-vacuum as a coherent state in the kernel of the corresponding quasi-local energy
We expect that there are infinitely many such states, because there are infinitely many choices for the spinors (π A (ϑ, ϕ), ω A (ϑ, ϕ)) on S, and this degeneracy resonates with recent ideas by Hawking, Perry and Strominger [34] in the context of black hole thermodynamics.
The evolution of such a boundary state (75) along the null surface shining out of S will be determined by the quantisation of the balance laws (63) and (65) for both Q π,ω [S] and E π [S]. These balance laws are, in fact, nothing but the pull-back of the Einstein equations integrated over the null surface. The quantisation of this infinite tower of constraint equations defines, therefore, a version of the WheelerDe Witt equation, but on a null surface H rather than a spacelike hypersurface. The boundary spinors (π A , ω A ) that crucially enter the classical balance laws as smearing functions should be then quantised as well. This idea is supported by a very recent paper [33] , where it is shown that the natural boundary variables for the gravitational field on a null surface are a spinor and its canonical momentum conjugate, which is, in four space-time dimensions, a spinor-valued two-form. This idea also resonates with recent developments in loop quantum gravity. During the last couple of years the Hilbert space built over the Ashtekar -Lewandowski vacuum [35] was recast in terms of spinors, which treat both the group-valued holonomies and the Lie algebra-valued fluxes in a symmetric way [36] [37] [38] [39] [40] [41] . The Levi-Civita tensor is αβµν with µναβ T µ X ν Y α Z β > 0 for any positively oriented quadruple of four-vectors (T α , X α , Y α , Z α ).
